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Tamm polaritons (TPs) are formed at the interface between two semi-infinite periodic dielectric struc-
tures (Bragg mirrors) or other reflectors. Contrary to usual surface polaritons, TPs exist inside the "light
cone", even though their amplitude also decreases exponentially with the distance from the interface as it
is characteristic of evanescent waves. They couple to elementary excitations in the materials or structures
that form the interface, such as metal plasmons or semiconductor excitons. Here we discuss the formation
of TPs in the far-infrared (FIR) spectral range, in the optical-phonon reststrahlen band of a polar semicon-
ductor such as GaAs, with a Bragg reflector (BR) as the second mirror. Their dispersion relation and the
frequency window for the TP existence are discussed for a GaAs-BR interface. Structures containing a gap
between the two reflectors are also considered. Further investigation is performed on a structure containing
a layer of graphene between the two reflectors.
Introduction. Confinement of light near an interface
between two materials provides the framework for its
manipulation at nanoscale and usually is achieved by using
metallic materials and nanostructures1,2, metamaterials3,
and metal-like optical properties of excitonic4 or phononic5
materials. In these structures, the electromagnetic (EM)
field confinement is caused by the coupling to elementary
excitations in the material, such as plasmons, excitons
or phonons. The possibility of the existence of interface
EM waves at the interface between two reflecting media,
analogous to electronic Tamm states arising at the surface
of a crystal because of the broken translational symmetry6
has been predicted theoretically for two semi-infinite peri-
odic dielectric structures (that can be named superlattices
or 1D photonic crystals or simply Bragg reflectors, BRs)7,
later for a gold slab combined with a dielectric BR8, in a
periodic metal/dielectric structure9 and, more recently, for
a metamaterial composed of a periodic sequence of metal
or graphene sheets intercalated by dielectric layers10,11.
Such waves were called Tamm polaritons (TPs) or optical
Tamm states (OTS). Unlike the electronic Tamm states,
OTS cannot occur at the free surface of a photonic crystal
but exist at the interface between two photonic structures
having overlapping photonic band gaps (also called stop
bands). Contrary to the usual surface polaritons, TPs
appear inside the "light cone", even though their amplitude
also decreases exponentially with the distance from the
interface as it is characteristic of evanescent waves.
The existence of Tamm plasmon-polaritons has been
demonstrated experimentally for GaAs/AlGaAs superlat-
tices covered with a gold layer12,13. More recently, coupling
of OTS to excitons in a layer of aggregated dye molecules4
and in a 2D semiconductor layer14 has been demon-
strated, leading to the formation of room-temperature
exciton-polaritons, mixed excitations where the excitons
are localized in a very thin layer while the EM field is con-
fined (at a much larger scale) within a planar microcavity15.
Exciton-polaritons have been a popular research topic in
the past years and a number of polariton confinement tech-
niques have been developed in the visible range of the EM
spectrum16. While the formation of plasmon-polaritons,
with an exponentially decaying amplitude inside the metal,
is due to the negative dielectric constant of the metal below
its plasma frequency, in the latter case the exciton has no
role in the formation of the OTS (formed by non-excitonic
materials) but just couples to it. The metal film was used
as adjustable means for making a microcavity (sometimes
called Tamm microcavity)17.
The observation of hybrid exciton-polaritons in the regime
of strong coupling between large-radius Wannier type GaAs
excitons, tightly bound excitons in a MoSe2 monolayer,
and cavity photons within a Tamm-plasmon-polariton
device paves the way towards a manifold of applications of
hybrid exciton-polaritons18. In particular, the formation
of a condensate of exciton-polaritons in such a structure
was observed19, contributing to the investigation of highly
efficient, ultra-compact polariton-based light sources and
valleytronic devices.
Closer to immediate practical applications, a recent in-
vestigation of a hybrid Tamm-plasmon-polariton sensor
for blood components detection was performed20. The
study of advanced light trapping schemes using optical
Tamm states in organic solar cells, which are composed of
photonic crystal bilayers with high refractive index contrast
stacked outside the organic layers has shown enhanced
photon absorption21. The discovery of a tunable optical
Tamm state at the interface between a photonic crystal and
a film with non-uniformly varying refractive index may be
appealing to applications such as optical interference filters
and environmental sensing devices22.
The purpose of the present work is to extend these ideas
to a different (namely, far-infrared (FIR)) spectral range
and to describe theoretically Tamm polariton states that
can form at the interface between a polar semiconductor
(such as GaAs) and a Bragg reflector suitable for the FIR
range. The semiconductor acts as a phononic mirror
within the frequency range between the transverse (ωTO)
and longitudinal (ωLO) optical phonon frequencies (called
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Figure 1: Schematics of the studied heterostructure and calculated profile of the magnetic field amplitude corresponding to OTS and
external EM wave in air used for probing this confined state considering a structure with and without a graphene sheet (blue solid line
and black dashed line, respectively), for a frequency of 35.60 meV and 35.48 meV, respectively, corresponding to the minimum of
reflectance in each case. Notice the discontinuity of the magnetic field profile across the graphene layer introduced in the middle of the
gap (assuming graphene’s Fermi energy = 0.5 eV) and the continuity of the field profile in the absence of the graphene layer.
reststrahlen band), where the real part of the dielectric
function of the semiconductor is negative23. The Tamm
polaritons are expected in the frequency range where the
BR stop band and the reststrahlen band of GaAs overlap.
We shall explore their dispersion relation considering both
the "pure" Tamm state (δ= 0) and cavity modes (δ 6= 0). In
addition, we shall consider the effect of insertion of a 2D
conductor (graphene) layer into the cavity. The studied
structure is presented in Fig. 1.
Graphene, a two-dimensional form of carbon, possesses
electronic, mechanical and optical properties24,25. The
high frequency conductivity and, consequently, the optical
transparency of graphene can be controlled by changing its
Fermi level by means of gating26, making it a transparent
conductor with tunable conductivity. Doped graphene sup-
ports p−polarized surface plasmon-polaritons in the THz
range and it has given rise to a broad field of research, both
theoretical27 and experimental28, including proposals of
graphene-based tunable metamaterials targeting different
properties11,29–31. Recently, it has been shown32 that an
enhanced absorption of THz radiation can be achieved in a
composite structure where graphene is deposited on a BR,
separated by a dielectric. It can happen due to the excita-
tion of TPs at the graphene covered surface, auxiliated by
the graphene sheet. Here we consider a different structure,
a Tamm-type microcavity formed by a phononic mirror and
a Bragg reflector, and also with a different idea. Inserting
a graphene layer between the two mirrors may result in
the coupling of the graphene’s plasmon to the FIR Tamm
polaritons, thus introducing a control mechanism over
cavity modes. This possibility is explored in the present
work.
OTS dispersion relations. Firstly, we will consider a struc-
ture without graphene and then we will investigate a struc-
ture containing a graphene sheet.
Let us consider two heterostructures separated by a gap of
thickness δ. One of them is a Bragg reflector consisting of
N "unit cells" composed of a layer of material A (e.g. Si)
and a layer of a material B (e.g. Ge). For simplicity, we
shall assume that these layers have the same thickness, d .
The transfer matrix approach33 is very convenient for the
study of the reflectance and transmittance of such a struc-
ture, which are defined by the Fresnel coefficients. We shall
consider p−polarized EM fields and use transfer matrices,
Tˆ , defined in the basis of the magnetic field H (directed per-
pendicular to the plane of Fig. 1) and the electric field com-
ponent Ex . For instance, for the first layer the BR we have:(
HA(r, t )
E Ax (r, t )
)
z=d−
= TˆA ·
(
HA(r, t )
E Ax (r, t )
)
z=0+
, (1)
where TˆA denotes the transfer matrix of the medium A.
For a multilayer structure, the transmission and reflection
Fresnel coefficients, rˆp and tˆp respectively, can be obtained
through the following relation34:(
1+ rˆp
ck1z
²1ω
(1− rˆp )
)
= Tˆ−1N ·
(
tˆp
− ck3z²3ω tˆp
)
. (2)
Here ki z is the z component of the wavevector in the
medium on the left (i = 1) and on the (i = 3) right of the
multilayer structure,
ki z =
√
²i
(ω
c
)2
−q2 , (3)
3²i is the corresponding dielectric constant, ω and q denote
the frequency and transverse wavevector component, re-
spectively, and Tˆ−1N is the inverse transfer matrix of the mul-
tilayer structure, e.g. for the N -period BR:
Tˆ−1N ≡
(
Tˆ−1A · Tˆ−1B
)N
, (4)
where TˆB is the transfer matrix of layer B. The explicit form
of the transfer matrices TˆA and TˆB is given in the Appendix.
We assume that ²A and ²B entering these relations are real
constants. In the derivation of the OTS dispersion relation,
BR will be considered as heterostructure 2 and its transfer
matrix and Fresnel coefficient will be denoted Tˆ2(= TˆN ) and
rˆ (p)2 , respectively.
The other heterostructure in our case is just a homo-
geneous polar semiconductor (let us call it GaAs for defi-
niteness). Its dielectric function owing to the polar optical
phonon response is given by23:
²Ga As (ω)= ²∞
(
1+ ω
2
LO−ω2TO
ω2TO−ω2− iωΓTO
)
, (5)
where ΓTO is a phonon damping parameter and ²∞ is the
high frequency dielectric constant. The tranfer matrix (Tˆ1)
is related to the dielectric function and thickness of the slab
by the same equation (14) as for A and B layers of the Bragg
reflector and the Fresnel reflecttion coefficient (to be de-
noted rˆ (p)1 ) is obtained from equation equivalent to Eq. (2).
Now we shall consider the whole structure of Fig. 1 con-
sisting of the GaAs slab, the gap of thickness δ and the BR
and assume that there is no incident wave but there are
only "transmitted" (i.e. outgoing) waves at both sides of the
whole structure. Using the field matching condition at z = 0,
we arrive at the following equation:
rˆ (p)1 rˆ
(p)
2 e
2i kδ = 1 , (6)
where rˆ (p)1 and rˆ
(p)
2 correspond to the Fresnel reflection co-
efficients of medium 1 and medium 2, respectively. In the
case δ→ 0 (two heterostructures back-to-back), it reduces
to rˆ (p)1 rˆ
(p)
2 = 1 , which has been presented in Ref.8. We em-
phasize that the Fresnel coefficients with labels 1 and 2 in
Eq. (6) correspond to each heterostructure alone, in vac-
uum. Equation (6) requires that
|rˆ (p)1 | = |rˆ
(p)
2 | = 1 , (7)
and
∆φ=φ1+φ2+2kδ= 2pim , (8)
where φ1,2 = arg
(
rˆ (p)1,2
)
and m is an integer. Assuming that
Eq. (7) is (approximately) satisfied, the phase matching con-
dition (8) determines the Tamm mode, i.e. it is an implicit
dispersion relation, ω(q).
The materials chosen for our model calculations are GaAs,
a semiconductor with ωTO = 268cm−1 and ωLO = 292cm−1
(Ref.23), and silicon and germanium for the BR, which are
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Figure 2: Eigenmode frequencies, solutions of the dispersion
equation (8) calculated for different gap values, for the structure
without graphene. The Si/Ge layer thickness is 2.4µm and the
GaAs slab thickness is 10µm, the GaAs phonon damping was
neglected. Both the frequency and the wavevector values are
presented in energy units. The inset shows the variation of the
q = 0 mode with the gap size.
two compatible materials, non-absorbing in the relevant
frequency range. The reflection coefficient of the Bragg re-
flector composed of Si and Ge with d = 2.4µm shows a well
defined stop band of width ≈ 4meV centred at ≈ 35meV,
which covers most of the reststrahlen band of GaAs and
|rˆ (p)2 | ≈ 1 with a fairly high precision already for N ∼ 20.
The Fresnel reflection coefficient for a thick GaAs slab in
air is rˆ (p)1 ≈ (
p
²Ga As − 1)/(p²Ga As + 1). Its modulus nearly
equals to unity for ωTO <ω <ωLO if we neglect the phonon
damping, so it acts as a good mirror in this frequency range,
similar to a metal but less lossy because the imaginary part
peaks at ωTO and the width of this peak is just few cm−1
for a good crystal, while the width of the reststrahlen band
is typically a few tens of cm−1. As known, because of this
multilayer structures containing polar semiconductors sup-
port evanescent waves named surface phonon-polaritons,
which occur in their reststrahlen band35.
The Tamm polariton dispersion curves obtained from the
phase matching equation (7) for different values of the cav-
ity thickness are presented in Fig. 2. They are approxi-
mately parabolic near q = 0, so we can say that the po-
laritons have some effective mass. For δ 6= 0, the disper-
sion curves shift downwards within the reststrahlen band
and their shape deviates from parabolic and becomes non-
monotonic within the light cone. There is a critical size
of the microcavity, above which the mode ceases to exist,
≈ 15µm for q = 0 (see inset in Fig. 2).
Let us now introduce a graphene sheet inside the gap as
shown in Fig. 1. Following the same procedure as before,
one can derive the dispersion relation from the following
matching condition:
Tˆ δ
2
· TˆGr · Tˆ δ
2
·
(
1+ rˆ (p)2
ck
ω (1− rˆ
(p)
2 )
)
=D
(
1+ rˆ (p)1
ck
ω (rˆ
(p)
1 −1)
)
, (9)
where D is a constant, k denotes the z component of the
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Figure 3: Normal incidence reflectance spectra of (a) the structure without gap (δ= 0), with and without graphene layer at the GaAs/BR
interface, and (b) structures with different gap widths containing a graphene layer placed at the center of the microcavity. Parameters:
GaAs layer thickness 2.37µm, d = 2.4µm, N =30 and EF = 0.5eV.
wavevector in the gap, Tˆ δ
2
= exp(i k δ2 )Iˆ (Iˆ is the unit matrix)
and TˆGr is the graphene’s transfer matrix, which is obtained
by using the discontinuity condition for the transverse mag-
netic field across a 2D conductor27:
TˆGr =
(
1 4pic σ (ω)
0 1
)
, (10)
with σ (ω) being the graphene’s 2D optical conductivity
given by the Drude-type relation25,27:
σ (ω)=σ0 4EF
pi
1
Γ− iħω . (11)
Here σ0 =pie2/(2h), e is the electron charge, EF > 0 denotes
graphene’s Fermi energy and Γ is a damping parameter de-
termined by electron scattering. From Eq. (9), by eliminat-
ing D we have:
rˆ (p)1 rˆ
(p)
2 e
i kδ
[
2piσ(ω)k
ω −1
]
− 2piσ(ω)kω
[
rˆ (p)1 + rˆ
(p)
2
]
+e−i kδ
[
2piσ(ω)k
ω +1
]
= 0 . (12)
We can rewrite Eq. (12) as:
rˆ (p)1 rˆ
(p)
2 e
2i kδ = 1+∆ (k,ω) , (13)
where
∆ (k,ω)= 2piσ (ω)k
ω
(
rˆ (p)1 e
i kδ−1
)(
rˆ (p)2 e
i kδ−1
)
. (14)
By considering |rˆ (p)1 | ' |rˆ
(p)
2 | ' 1 and approximating
Re∆ (k,ω)¿ 1, one can write the following phase matching
condition in the presence of graphene:
φ1+φ2+2kδ= arg[1+∆ (k,ω)] . (15)
We may say that the insertion of graphene into the
Tamm microcavity introduces an additional phase shift,
≈ arctg[Im ∆ (k,ω)], proportional to the graphene conduc-
tivity. As we shall see in the next section, it leads to a shift of
the OTS frequency, which depends on the graphene’s Fermi
level.
Probing the Tamm states. How can the OTS be ob-
served? One may do it by shining far-infrared ( FIR) radi-
ation onto the GaAs outer surface and measuring the reflec-
tivity spectrum of the whole structure. Coupling of the inci-
dent (propagating) wave to the Tamm mode occurs owing to
the (small) overlap between two decaying waves, one origi-
nated by the incident EM wave and the other correspond-
ing to the Tamm state as depicted in Fig. 1. If the over-
lap becomes large, the OTS will be strongly influenced by
the incident wave and its frequency will be different from
that of the proper mode, so the thickness of the GaAs slab
(one of the "cavity walls") cannot be too small. On the other
hand, if its thickness is too large, the coupling will be too
weak to measure. The reflectivity spectrum for the struc-
ture without graphene, for the GaAs slab thickness 2.37µm
is shown in Fig. 3. It shows a sharp dip at frequency close
to that corresponding to ∆φ = 0. Even though GaAs slab is
not a perfect mirror for the frequencies close to ωLO (since
the real part of the dielectric function is only slightly neg-
ative and |rˆ (p)Ga As | < 1), the phase matching condition (8) is
a fairly good indication of the OTS as illustrated in Fig. 3.
The insertion of a graphene sheet into the cavity results in a
shift of the reflectance minimum corresponding to the OTS
mode towards a higher frequency (see Fig. 3(a)). This shift
is comparable to that due to the variation of the microcav-
ity width, δ (see Fig. 3-b). The graphene-induced OTS shift
increases with the increase of the Fermi energy (see Fig. 4),
as expected from the phase matching condition (15). The
systematic deviation of the reflectivity dip position with re-
spect to the OTS frequency predicted by the phase matching
condition is due to the approximation made in writing Eq.
(15) and the finite thickness of the GaAs "barrier". Interest-
ingly, the effect of the graphene sheet on the OTS frequency
depends upon its position inside the microcavity, being the
largest when it is attached to the surface of the Bragg reflec-
tor (Fig. 4(b)). It happens because the phase shift intro-
duced by graphene depends on the induced curremt, pro-
5portional to the transverse electric field, which is the largest
near the BR surface.
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Figure 4: Dependence of the OTS frequency upon graphene’s
Fermi energy: (a) extracted from normal incidence reflectance
spectra of GaAs/graphene/BR structure and obtained by the
phase matching condition (15); (b) for different locations of the
graphene sheet as shown in the inset (the values are extracted
from the reflectance spectra). Parameters are the same as in Fig. 3.
Discussion. Our calculated results show that Tamm
polaritons can be supported by structures where the EM
field confinement outside the Bragg reflector is provided by
the nearly full reflection that takes place in the reststrahlen
band of a polar semiconductor. Even though the GaAs slab
considered here as an example is not a perfect mirror, the
phase matching condition is a robust method for determin-
ing the OTS, as confirmed by the direct calculation of the
reflectivity of the whole structure (air-GaAs-cavity-BR-air).
The spectrum of the latter shows a characteristic sharp dip
related to the Tamm polariton. The quality factor of such a
Tamm microcavity can be estimated by the ratio between
the optical phonon damping parameter and typical rest-
strahlen band frequencies, (1−Q) ∼ ΓTO/ωTO ≈ 0.015 for
GaAs at room temperature.
The microcavity mode spectral position (within the GaAs
reststrahlen band) depends on the cavity width (δ = 0)
and, additionally, can be adjusted by inserting a graphene
layer and changing the graphene’s Fermi energy, EF . The
control via tuning EF (usually achieved by varying the
gate voltage applied to graphene25) is more efficient if the
graphene sheet is placed onto the BR surface (Fig. 4(b)).
This situation is also easier to implement in practice, since
graphene can be simply transferred to the BR surface and
then covered by an appropriate dielectric, e.g. a polymer
layer. The electrical tuning of the Fermi level can be realized
in a back gate configuration by using a moderately doped
GaAs, avoiding coupling of GaAs plasmons to the optical
phonons. It is worth noting that the interaction of the
Tamm polariton with graphene (Drude-type) plasmons
introduces an additional phase shift and, consequently,
shifts the cavity mode frequency. However, it does not
produce graphene surface plasmon-polaritons (evanescent
waves centred on the graphene sheet) unless the transverse
wavevector, q , becomes larger than
p
²mω/c (where ²m
is the largest of the dielectric constants of the materials
cladding the graphene sheet)27.
For δ = 0 the OTS dispersion, ω(q) is approximately
parabolic with a positive effective mass, similar to that
obtained for "conventional" Tamm polaritons, such
as those occurring in a gold-GaAs/AlAs superlattice
heterostructure8. However, for δ 6= 0 we find that deviations
from this behavior become strong and a region of q appears
where the group velocity becomes negative (Fig. 2), i.e.
the OTS becomes a backward wave. Interestingly, Tamm
polariton modes with negative group velocity have been
predicted for a terminated superlattice with the period
composed of a graphene sheet and a non-dispersive dielec-
tric layer11.
In conclusion, the performed calculations show that one
can make a Tamm microcavity in the FIR region by using
GaAs (or other polar semiconductor) as a phononic mirror
in addition to a Bragg reflector. The insertion of a graphene
sheet in the microcavity offers the advantage of cavity mode
tunability. While Tamm states in the near-IR spectral range
have been observed experimentally, we hope that this work
will stimulate experimental studies in the longer wave-
length range. A cavity supporting such resonant modes can
be useful for making a tunable light source in the spectral
range where it is still a challenge.
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Appendix A: Fresnel coefficients in case of oblique inci-
dence. When we consider oblique incidence we must take
into account the contributions of the electric and magnetic
fields perpendicular and parallel to the interface surface be-
tween the two dielectric mediums. Thus, we must consider
two different polarizations: s-polarization (or TE waves) and
p-polarization (or TM waves). An arbitrarily polarized field
6plane wave can be written as the superposition of two or-
thogonally polarized plane waves:
E=E(s)+E(p), (1)
where E(s) and E(p) represent the perpendicular and parallel
electric fields, respectively, relative to the incidence plane
interface. The reflection and transmission Fresnel coeffi-
cients are defined as33:
Er = rˆ (s) ·Ei (2)
Hr = rˆ (p) ·Hi (3)
and
Et = tˆ (s) ·Ei . (4)
Ht = tˆ (p) ·Hi , (5)
where rˆ (s) and rˆ (p) are the Fresnel reflection coefficients and
tˆ (s) and tˆ (p) are the Fresnel transmission coefficients for s
and p-polarization, respectively.
The context of this work requires the study of p-
polarization. In this case the H field is parallel to the sur-
face:
H(p)i = yˆ Hi e i (ki ·r−ωt ) (6)
H(p)r = yˆ Hr e i (kr ·r−ωt ) (7)
H(p)t = yˆ Ht e i (kt ·r−ωt ) , (8)
where the subscripts i ,r and t correspond to the incident,
reflected and transmitted fields, respectively.
Appendix B: Transfer matrix method for a Bragg reflec-
tor. Here we are going to derivate the global transfer matrix
of a Bragg reflector by relating the electromagnetic fields at
the surface of the Bragg reflector with the electromagnetic
fields located in the last layer of a finite N -period Bragg
reflector. This has been done previously34.
The transfer matrix of a one period Si/Ge superlattice can
be determined by the following boundary conditions:
(
H1(r, t )
E1x (r, t )
)
z=0−
=
(
HA(r, t )
E Ax (r, t )
)
z=0+
, (9)
where H1(r, t ) and E1x (r, t ) correspond to the fields prop-
agating in air (z<0), and HA(r, t and E Ax (r, t ) to the fields
propagating in medium A. Furthermore,(
HA(r, t )
E Ax (r, t )
)
z=0+
= Tˆ−1A ·
(
HA(r, t )
E Ax (r, t )
)
z=d−
, (10)
Tˆ−1A ·
(
HA(r, t )
E Ax (r, t )
)
z=d−
= Tˆ−1A
(
HB (r, t )
EB x (r, t )
)
z=d+
, (11)
and (
HB (r, t )
EB x (r, t )
)
z=d+
= Tˆ−1B ·
(
HB (r, t )
EB x (r, t )
)
z=2d−
, (12)
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Figure 5: Scheme corresponding to a N -bilayer Bragg reflector.
where HB (r, t ) and EB x (r, t ) correspond to the fields propa-
gating in medium B. By analyzing expressions (9), (10), (11)
and (12) one obtains:(
H1(r, t )
E1x (r, t )
)
z=0−
= Tˆ−1A · Tˆ−1B ·
(
HB (r, t )
EB x (r, t )
)
z=2d−
, (13)
where the matrices Tˆ−1A and Tˆ
−1
B are given by:
Tˆ−1A,B =
(
cos
(
kA,B d
)
i ωc
²A,B
kA,B
sin(kA,B d)
i cω
kA,B
²A,B
sin(kA,B d) cos
(
kA,B d
) ) . (14)
with
kA =
√
²2A
(ω
c
)2
−q2 (θ,ω) , (15)
kB =
√
²2B
(ω
c
)2
−q2 (θ,ω) . (16)
In case of a N -period lattice, figure 5, one can generalize
equation (13) for a N-period structure:(
H1(r, t )
E1x (r, t )
)
z=0−
= (Tˆ−1A · Tˆ−1B )N ·( HB (r, t )EB x (r, t )
)
z=2N d−
. (17)
The cladding media fields can be matched in the following
way:(
H1(r, t )
E1x (r, t )
)
z=0−
= (Tˆ−1A · Tˆ−1B )N ·( H3(r, t )E3x (r, t )
)
z=2N d+
, (18)
which translates to(
1+ rˆp
ck1z
²1ω
(1− rˆp )
)
= Tˆ−1N ·
(
tˆp
− ck3z²3ω tˆp
)
, (19)
720 25 30 35 40 45 50
0.0
0.2
0.4
0.6
0.8
1.0
frequency (meV)
R
ef
le
ct
an
ce
(ω)
Figure 6: Reflectivity spectrum of a Si/Ge BR with d = 2.4µm and
N =30.
where Tˆ−1N is the inverse tranfer matrix of the whole struc-
ture:
Tˆ−1N ≡
(
Tˆ−1A · Tˆ−1B
)N
. (20)
From equation (19) one readily obtains the Fresnel co-
eficients of the structure. The reflectivity
(
R= |rˆ (p)|2)
spectrum of a DBR is shown in figure 6.
Appendix C: Derivation of the phase matching relation.
Here we present the derivation of the phase matching equa-
tion. Using the transfer matrix method one has:(
Hy
Ex
)
z=− δ2
= Tˆ−11 ·
(
Hy
Ex
)
z=−d1− δ2
, (21)
which gives us(
Hy
Ex
)
z=− δ2
= Tˆ−11 ·
(
tˆ (p)1
−tˆ (p)1 ckω
)
, (22)
where tˆ (p)1 is the complex amplitude of the magnetic field
of the wave outgoing from the lower surface of the het-
erostructure 1, figure 7. Similarly, we have:(
Hy
Ex
)
z= δ2
= Tˆ2 ·
(
Hy
Ex
)
z=d2+ δ2
, (23)
i.e. (
Hy
Ex
)
z= δ2
= Tˆ2 ·
(
tˆ (p)2
tˆ (p)2
ck
ω
)
, (24)
where tˆ (p)2 is the amplitude of the wave outgoing from the
upper surface (it propagates along the positive direction of
the z− axis). Notice that there is no incoming wave in this
case.
The fields at z =±δ/2 are related by(
Hy
Ex
)
z= δ2
=
(
cos(kδ) i ωck sin(kδ)
i ckω sin(kδ) cos(kδ)
)
·
(
Hy
Ex
)
z=− δ2
, (25)
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Figure 7: Scheme corresponding to a structure constituted by two
different heterostructures separated by a gap.
(
cos(kδ) i ωck sin(kδ)
i ckω sin(kδ) cos(kδ)
)
·
(
Hy
Ex
)
z=− δ2
≡ Tˆ−1δ ·
(
Hy
Ex
)
z=− δ2
. (26)
Combining (22), (24), (25) and (26), we have:
Tˆ2 ·
(
tˆ (p)2
tˆ (p)2
ck
ω
)
= Tˆ−1δ · Tˆ−11 ·
(
tˆ (p)1
−tˆ (p)1 ckω
)
. (27)
By setting tˆ (p)1 = A tˆ
(p)
2 , where A is a complex number, we
obtain:
Tˆ1 · Tˆδ · Tˆ2 ·
(
1
ck
ω
)
= A
(
1
− ckω
)
, (28)
or explicitly {
(TˆG )11+ (TˆG )12 ckω = A ,
ω
ck (TˆG )21+ (TˆG )22 =−A ,
(29)
where
TˆG ≡ Tˆ1TˆδTˆ2. (30)
The only variable in equations (29) is A, so they are compat-
ible if
(TˆG )11+ ck
ω
(TˆG )12+ ω
ck
(TˆG )21+ (TˆG )22 = 0 . (31)
Since k =
√
(ω/c)2−q2, this is an implicit dispersion rela-
tion, ω(q), of the Tamm mode. We recognize the left-hand
side of (31) as the denominator of the Fresnel transmission
coefficient of the whole structure.
The dispersion relation can be cast in a more convenient
form:
Tˆ−1 ·
(
tˆ (p)
− ckω tˆ (p)
)
=
(
1+ rˆ (p)
ck
ω (rˆ
(p)−1)
)
. (32)
8Similarly,
Tˆ ·
(
tˆ (p)
ck
ω tˆ
(p)
)
=
(
1+ rˆ (p)
ck
ω (1− rˆ (p))
)
. (33)
Using relations (32) and (33), we can rewrite (27) in terms of
the amplitudes of the reflected waves:
Tˆδ ·
(
1+ rˆ (p)2
ck
ω (1− rˆ
(p)
2 )
)
=B
(
1+ rˆ (p)1
ck
ω (rˆ
(p)
1 −1)
)
. (34)
or, explicitly,{
cos(kδ)(1+ rˆ (p)2 )− i sin(kδ)(1− rˆ
(p)
2 )=B(1+ rˆ
(p)
1 ) ,
−i sin(kδ)(1+ rˆ (p)2 )+cos(kδ)(1− rˆ
(p)
2 )=B(rˆ
(p)
1 −1) ,
(35)
which translates to{
e−i kδ+ rˆ (p)2 e i kδ =B(1+ rˆ
(p)
1 ),
e−i kδ− rˆ (p)2 e i kδ =B(rˆ
(p)
1 −1),
(36)
where B is a constant. The condition of compatibility of
equations (36) reads:
rˆ (p)1 rˆ
(p)
2 e
2i kδ = 1 . (37)
Appendix D: Derivation of the phase matching condi-
tion when introducing a graphene sheet. In the case of hav-
ing a graphene sheet located in the center of the microcav-
ity, one can derive the dispersion relation from the following
equation:
Tˆ δ
2
· TˆGr aph · Tˆ δ
2
·
(
1+ rˆ (p)2
ck
ω (1− rˆ
(p)
2 )
)
=D
(
1+ rˆ (p)1
ck
ω (rˆ
(p)
1 −1)
)
, (38)
where D is a constant and TˆGr aph is the graphene’s transfer
matrix:
TˆGr aph =
(
1 4pic σ (ω)
0 1
)
, (39)
with σ (ω) being the graphene’s 2D optical conductivity25? :
σ (ω)=σ0
4E f
pi
1
Γ− iħω , (40)
whereσ0 =pie2/(2h), e < 0 is the electron charge, E f > 0 de-
notes graphene’s Fermi energy andΓ corresponds to Drude’s
damping term. It is more conveninent if we diagonalize Tˆ δ
2
:
Dˆ δ
2
= Mˆ−1 · Tˆ δ
2
· Mˆ =
(
e i k
δ
2 0
0 e−i k
δ
2
)
, (41)
where Mˆ and Mˆ−1 are the rotational matrix and its inverse
matrix, respectively:
Mˆ =
(
1 1
− ckω ckω
)
, (42)
and
Mˆ−1 =
( 1
2 − ω2ck
1
2
ω
2ck
)
. (43)
Knowing that
Tˆ δ
2
·TˆGr aph ·Tˆ δ
2
= Mˆ ·
(
Dˆ δ
2
· Mˆ−1 · TˆGr aph · Mˆ · Dˆ δ
2
)
Mˆ−1 , (44)
one can easily solve equation (38):
rˆ (p)2 e
i kδ
(
1− 2pikσ(ω)ω
)
+e−i kδ
(
2pikσ(ω)
ω +1
)
+ 2piσ(ω)kω − rˆ
(p)
2
2piσ(ω)k
ω =D(1+ rˆ
(p)
1 ) ,
rˆ (p)2 e
i kδ
(
1− 2pikσ(ω)ω
)
−e−i kδ
(
2pikσ(ω)
ω +1
)
− 2piσ(ω)kω − rˆ
(p)
2
2piσ(ω)k
ω =D(rˆ
(p)
1 −1) ,
which translates to
rˆ (p)1 rˆ
(p)
2 e
i kδ
(
2piσ(ω)k
ω −1
)
− 2piσ(ω)kω
(
rˆ (p)1 + rˆ
(p)
2
)
+e−i kδ
(
2piσ(ω)k
ω +1
)
= 0 . (45)
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